A simple relation for the rate at which energy is extinguished from the incident wave of a far field point source by an obstacle of arbitrary size and shape in a stratified medium is derived from wave theory. This relation generalizes the classical extinction theorem, or optical theorem, that was originally derived for plane wave scattering in free space and greatly facilitates extinction calculations by eliminating the need to integrate energy flux about the obstacle. The total extinction is shown to be a linear sum of the extinction of each wave guide mode. Each modal extinction involves a sum over all incident modes that are scattered into the extinguished mode and is expressed in terms of the object's plane wave scatter function in the forward azimuth and equivalent plane wave amplitudes of the modes. The only assumptions are that multiple scattering between the object and wave guide boundaries is negligible, and the object lies within a constant sound speed layer. Modal extinction cross sections of an object for the extinction of the individual modes of a wave guide are then defined. Calculations for a shallow water wave guide show that, after correcting for absorption loss in the medium, the modal cross section of an object for mode 1 in a typical ocean wave guide is very nearly equal to its free space cross section. This new extinction theorem may be applied to estimate the cross section of an object submerged in a wave guide from a measurement of its forward scattered field.
I. INTRODUCTION
If an object is placed in the path of an incident wave, some of the intercepted power is scattered in all direction and the remainder is absorbed. The total power removed from the incident field as a result of scattering and absorption by the object is called extinction. 1 Van de Hulst has shown, in what has become known alternatively as the extinction theorem, optical theorem, and forward scatter theorem, that the extinction can be derived from the scattered far field in the forward direction. Specifically, the total extinction of a plane wave incident on an object in free space equals the imaginary part of the forward scatter amplitude multiplied by the incident intensity and 4/k 2 where k is the wave number. [2] [3] [4] This remarkably simple relationship reflects the fact that the extinction caused by the obstacle leads to shadow formation via destructive interference between the incident and forward scattered fields. The permanence of the extinction is maintained by the formation of a region of destructive interference that survives as an active shadow remnant 3 in perpetuity beyond the deep shadow.
The total power scattered by an object can be found by integrating the scattered intensity over a large control surface enclosing the object in the far field. This integration is usually difficult to perform and makes an alternative approach attractive. For nonabsorbing objects, the total power scattered by the object is the extinction. 5, 6 One great advantage of the extinction theorem is that it eliminates the need to integrate the scattered energy flux around the object.
The extinction theorem is typically applied in acoustics to measure the extinction cross section of objects. 7 This equals twice the object's projected area in the high frequency limit, and so provides a useful method for estimating an object's size. The extinction theorem has many diverse applications in acoustics, such as those given in Refs. 8 and 9. It can also be used as a ''burglar alarm'' to detect and classify intruding objects that pass between a source and an acoustic receiver array.
In 1985 Guo 10 extended the extinction theorem to scattering by an object located next to an interface between two distinct acoustic half spaces. He found an expression for the extinction of an incident plane wave in terms of the far-field scattered pressures in the specular reflection and transmission directions, determined by Snell's law. In a wave guide, the effect of multimodal propagation ensures that the field incident on the object will arrive from many distinct directions. This, combined with the effect of absorption loss in the waveguide, will modify the extinction and scattering cross sections from their free space values. The free space extinction theorem and the half-space extension of Guo are therefore not applicable in a wave guide.
Here we use wave theory to derive a generalized extinction theorem by developing a relation for the rate at which energy is extinguished from the incident wave of a far field point source by an object of arbitrary size and shape in a stratified medium. Like its free space analogue, the relation is again remarkably simple. The total extinction is shown to be a linear sum of the extinction of each wave guide mode. Each modal extinction involves a sum over all incident modes that are scattered into the given mode and is expressed in terms of the object's plane wave scatter function in the forward azimuth and equivalent modal plane wave amplitudes. For the multiple incident plane waves in a wave guide, extinction is a function of not only the forward scatter amplitude for each of the incident plane waves but also depends on the scatter function amplitudes coupling each incident plane wave to all other plane waves with distinct direc-tions that make up the incident field. The final relation greatly facilitates extinction calculations by eliminating the need to integrate energy flux about the object.
Our derivation begins with the time-harmonic scattered field from an object in a wave guide that is derived directly from Green's theorem. 11, 12 The only simplifying assumptions are that multiple scattering between the object and wave guide boundaries is negligible and that the object lies within a constant sound speed layer. The simplicity of the resulting extinction relation in the wave guide follows from the fact that the full extinction is maintained in the region of active interference and that this region extends into the far field where separation of variables can be invoked. Energy fluxes necessary for the derivation can then be calculated in the far field in terms of wave guide modes and the object's plane wave scattering function. 12, 13 The extinction cross section of an object is defined as the ratio of its extinction to the rate at which energy is incident on unit cross sectional area of the object. 1 The extinction cross section reduces to the scattering cross section for nonabsorbing objects, and is useful in actively classifying targets since, as the ratio of the total extinction to the incident intensity, it depends only upon scattering properties of the target. This definition, however, is ambiguous in a wave guide because both the incident and scattered fields are comprised by superpositions of plane waves. Here scattering and propagation effects are not generally separable since they are convolved together in the extinction. Additionally, the incident intensity is not spatially constant. In spite of these difficulties, we find it convenient to interpret the extinction cross section for an object in a wave guide as the ratio of the extinction to the incident energy flux per unit area in the radial direction at the object's centroid. This definition is sensible when the object is in a constant sound speed layer and in the far field of the source.
Calculations for a shallow water wave guide, which have great relevance to active detection problems in ocean acoustics, show that an object's cross section for the combined extinction of all the modes of the wave guide is highly dependent on measurement geometry, medium stratification, as well as its scattering properties. In addition, the combined cross section fluctuates rapidly with range due to coherent interference between the modes. The presence of absorption in the medium can also significantly modify a measurement of the total scattering cross section. The practical implication of these findings is that experimental measurements of the total scattering cross section of an obstacle in a wave guide may differ greatly from those obtained for the same obstacle in free space and may lead to errors in target classification if the wave guide effects are not properly taken into account.
For an object submerged in a wave guide, we also define modal cross sections of the object for the extinction of the individual modes of the wave guide. The modal cross section of an object for the extinction of mode 1 in a typical ocean wave guide was found to be nearly equal to the free space cross section of the object. A potential application of the extinction theorem in a wave guide is then the estimation of the size of an object submerged in the wave guide from a measurement of the extinction it causes to mode 1. The generalized extinction theorem can also be used to determine the attenuation due to volume and surface scattering of guided waves propagating through stratified media such as the ocean or the earth's crust.
II. THE GENERALIZED EXTINCTION THEOREM
In this section, we derive the extinction in the incident field of a far field point source due to an obstacle of arbitrary size and shape in a stratified medium. The general approaches for calculating extinction are discussed in Appendix A. Here, we adopt the intuitive approach of Van de Hulst 1, 2, 4 which involves integrating the energy flux, or intensity, over a screen placed a distance away from the object sufficiently large to register Fraunhofer diffraction, Eq. ͑A11͒. In the absence of the object, the total energy flux across the screen is maximal. In the presence of the object, the total energy flux across the screen is diminished by the shadow remnant. For a sufficiently large screen, the difference between these fluxes is the total extinction.
We focus on the Van de Hulst screen method for calculating extinction because it is of more practical use since it represents the type of measurement that can be made with a standard 2D planar or billboard array. This is discussed further in Sec. V. The other approach for calculating extinction using a control surface that encloses the object in a stratified wave guide is discussed in Appendix D. A control volume measurement would be very difficult to implement since it would require an array that completely encloses the object.
The origin of the coordinate system is placed at the object centroid with z axis vertically downward, and x axis parallel to the boundaries as shown in Fig. 1 . The coordinates of the source are defined by r 0 ϭ(Ϫx 0 ,0,z 0 ). The screen is positioned in forward azimuth on the y -z plane at a horizontal range x from the object center. The width of the screen is L along the y direction and is semi-infinite in the z direction with an edge at the surface of the wave guide. Let r ϭ(x,y,z) be the coordinates of a point on the screen. Spatial cylindrical (,,z) and spherical systems (r,,) are de-FIG. 1. The geometry of the problem showing an object in a stratified medium composed of a water column of thickness H overlying a bottom. The origin of the coordinate system is at the center of the object and the source is located at (Ϫx 0 ,0,z 0 ). The screen is normal to the x axis with width L and is semi-infinite in the z-direction penetrating into the bottom with an edge at the top of the water column.
fined by xϭr sin cos , yϭr sin sin , zϭr cos and ϭx 2 ϩy 2 . The horizontal and vertical wave number components for the nth mode are, respectively, n ϭk sin ␣ n and ␥ n ϭk cos ␣ n where k 2 ϭ n 2 ϩ␥ n 2 and the wave number magnitude k equals the angular frequency divided by the sound speed c in the object layer. As discussed in Appendix A to measure the full extinction in the wave guide, we require L Ͼͱx, where x is the horizontal range of the screen from the object.
Assuming that the object is far from the source and the screen so that the range from the screen to the source is large, the incident field at location r on the screen for a source at r 0 , can be expressed as a sum of normal modes,
where u l (z) and l are the lth modal amplitude and horizontal wave number, respectively, and d(z) is the density at depth z. Using the formulation of Refs. 11 and 12 based on Green's theorem, the scattered field from the object at receiver r for a source at r 0 is
are the down and up going plane waves in the layer of the object, D is the depth of the object center from the sea surface and S(,; i , i ) is the object's plane wave scatter function. The definition of the plane wave scatter function here follows that defined in Ref. 12 where the incident plane wave on the object is described in terms of the direction it goes to, so that for forward scatter in free space, ϭ i , ϭ i . The mode functions are normalized according to
and are decomposable into up-and down-going plane waves in the layer of the object via
N n Ϫ and N n ϩ are the amplitudes of the down-and up-going plane waves in this layer.
A number of assumptions have to be satisfied for the above formulation for the scattered field to be valid as noted in Ref. 12 . In particular, multiple scattering between the object and wave guide boundaries is negligible, the object lies within a layer of constant sound speed, and the range from the object to source or receiver must be large enough that the scattered field can be approximated as a linear function of the object's plane wave scatter function. The last condition does not limit the generality of the final extinction expression since the full extinction can be registered on sufficiently large screens in the object's far field, but instead simplifies its derivation.
To calculate the extinction using the general formula of Eq. ͑A11͒, we first evaluate the integrand for the point r on the screen. The first term in the integrand of Eq. ͑A11͒ using Eqs. ͑A2͒, ͑1͒, ͑2͒, and ͑3͒ is
In the above expression, the terms representing absorption by the wave guide have been factored out explicitly to avoid confusion when conjugating the fields and also to keep track of absorption losses due to the wave guide. The exact expressions for ͉Ϫ 0 ͉ϭͱ(xϩx 0 ) 2 ϩy 2 and ͉͉ϭͱx 2 ϩy 2 were kept in the terms that determine the phase of the integrand while the approximations ͉Ϫ 0 ͉Ϸ(xϩx 0 ) and ͉͉Ϸx were used in the spreading and absorption loss factors, since x, x 0 ӷy can be satisfied for a screen that measures the full extinction.
Next we integrate Eq. ͑6͒ over the area of the screen. With the screen lying parallel to the y -z plane, an area ele-ment of the screen is dSϭi x dy dz. We use the orthorgonality relation in Eq. ͑4͒ between the modes u l *(z) and u m (z) to integrate Eq. ͑6͒ over the semi-infinite depth of the screen in the wave guide. This reduces the triple sum over the modes to a double sum: In the above expression, the scatter function is dependent on y via the azimuth angle ϭtan
Ϫ1
(y/x). As discussed in Appendix A, the angular width of the active area on the screen in azimuth is of the order of ͱ/x. We can therefore approximate the scatter function with its value at ϭ0 and factor it from the integral above since x is large. We also expand the exponent involving the variable y according to
Applying the result of the following asymptotic integration over the width of the screen,
to Eq. ͑7͒, the integration of the first term in Eq. ͑A11͒ over the area of the screen in the wave guide becomes
Similarly, we can evaluate the second term in Eq. ͑A11͒ which gives
When we sum Eqs. ͑11͒ and ͑12͒, taking only the negative of the real part of the sum following Eq. ͑A11͒, we obtain the range dependent extinction E(x͉r 0 ) of the incident field in a wave guide due to an object at the origin measured by a screen at distance x from the object with source at r 0 ,
From Eq. ͑13͒, we see that the total extinction is a linear sum of the extinction of each wave guide mode. The extinction of mode m involves a sum over all incident modes n that are scattered into that extinguished mode and is expressed in terms of the object's plane wave scatter function in the forward azimuth and equivalent plane wave amplitudes of the modes. The extinction decreases with source-object range x 0 in a wave guide due to geometrical spreading, and with source-object and object-receiver ranges, x 0 and x, due to absorption loss in the medium.
A. Effect of multiple incident plane waves
To understand the implications of Eq. ͑13͒, we consider several cases and examine the resulting expression for the extinction in each case.
Single mode excited by source
First we consider a source that excites only a single mode p. The incident field on the object and at the screen is determined by this single mode p. The triple sum in Eq. ͑6͒ reduces to a single sum over m in this case since both l and n can only take on the integer value p. The orthogonality relation between the modes u l *(z) and u m (z) eliminates the sum over m leaving just a single term where mϭp in Eq. ͑7͒. Consequently, the expression for the extinction will have only one term corresponding to mϭnϭp, the mode excited by the source,
Even though the scattered field from the object is composed of multiple modes m, only one of these can interfere destructively with the single incident mode p on the screen and it is precisely the scattered mode that has the same elevation angle as the incident mode. Mode p is made up of an up-going and a down-going plane wave. Two of the four terms in Eq. ͑14͒ arise from the forward scatter of the up-and down-going plane waves of mode p, while the remaining two terms arise from the scatter of the incident down-going plane wave of mode p to an upgoing plane wave of the same mode and vice versa. This shows that when we have multiple plane waves incident on the object, the extinction will depend on not only the scatter function in the forward direction but also depend on the scatter function amplitudes coupling each incident plane wave to all other plane waves with distinct directions that make up the incident field.
Many modes excited by source
For a general harmonic source that excites many modes, the incident field on the screen is a sum of the contribution from various excited modes. Each of these incident modes on the screen will only interfere destructively in the forward azimuth with the corresponding scattered mode from the object with the same elevation angle. The scattering process causes the various incoming incident modes at the object to be coupled to each outgoing scattered mode through the scatter function and this leads to a double sum in the expression for the extinction in Eq. ͑13͒.
Large object-receiver range, x
Next we consider the scenario where the screen is placed at a sufficiently large distance from the object that only the first mode survives for both the incident field on the screen from the source and the scattered field from the object, i.e., lϭmϭ1 in Eq. ͑6͒. The field incident on the object is still comprised by a sum over the modes n excited by the source since the range of the source from the object is not too large. The expression for the extinction in Eq. ͑13͒ then reduces to a single sum over the incident modes n on the object that are scattered into the outgoing mode mϭ1 that survives at the screen.
Large source to object range, x 0
If the source is placed at large distances away from the object, the field incident on the object and on the screen will be determined by the single mode lϭnϭ1 that survives while the rest of the modes are stripped due to absorption in the wave guide. The extinction in this case has a single term in Eq. ͑13͒ corresponding to mϭnϭ1, the mode that survives at the screen. The expression for the extinction is given by Eq. ͑14͒ with pϭ1.
These examples illustrate the fact that it is really the interference between the incident field and the scattered field on the screen that determines the extinction. Only scattered field directions that have a fixed phase relationship with the incident field will contribute to the extinction. In the literature, extinction is often stated to be directly proportional to the forward scatter amplitude of a plane wave in free space. For multiple incident plane waves, however, the extinction is not simply a function of the forward scatter amplitude for each incident plane wave but also depends on the scatter function amplitudes coupling each incident plane wave to all other plane waves with distinct directions that make up the incident field. Guo's 10 result for the extinction of a plane wave by an object placed near an interface between two media can also be interpreted in this way.
B. Effect of absorption by the medium
The extinction of the incident field due to an object in the far field of a point source in free space with absorption in the medium is derived in Appendix C. Comparing the expression for extinction in a wave guide, Eq. ͑13͒, with that in free space, Eq. ͑C14͒ in Appendix C, we see that absorption in the medium lowers the extinction that we would otherwise measure in a lossless medium. In free space, the term due to absorption by the medium is separable from the properties of the object in the formula for the extinction. These terms, however, are in general, convolved in a wave guide with multimodal propagation. The convolution arises because the absorption loss suffered by each mode varies from mode to mode. Furthermore, the modes have varying elevation angles and they are thus scattered differently by the object depending on the elevation angle of the mode. In the wave guide, the absorption loss term can be separated from the term due to the object only if a single mode is incident on the object as seen from Eq. ͑14͒, which is the extinction caused by a single mode. One way this arises naturally in a wave guide is when the source to object separation is large enough that only mode 1 survives in the incident field on the object.
III. TOTAL SCATTERED POWER IN THE WAVE GUIDE
The total power scattered by an object in a wave guide can be obtained by integrating the scattered field intensity V s *⌽ s around a closed control surface enclosing the object, as described in Eq. ͑A8͒. We let the control surface be a semi-infinite cylinder of radius R with a cap at the sea surface where zϭϪD. The axis of the cylinder is parallel to the z axis and passes through the object centroid.
The sea surface is a pressure-release surface where the total field vanishes. Since the incident field in the absence of the object is zero at the sea surface, the scattered field has to vanish as well. The scattered energy flux through the cap of the cylinder at zϭϪD is zero. We need only integrate the scattered intensity over the curved surface of the cylinder to obtain the total scattered power.
From Eq. ͑2͒, we see that the scattered field is expressed as a sum of four terms. The scattered intensity at the surface of the cylinder can therefore be expressed as a sum of 16 terms, the first of which is
An area element on the curved surface of the cylinder is given by dSϭi R d dz. Making use of Eq. ͑4͒, the orthogonality relation between the modes, we integrate Eq. ͑15͒ over the semi-infinite depth of the cylinder and the resulting expression is
The above integral cannot be further evaluated without specifying the scatter function of the object. In general the total scattered power in the wave guide is a complex expression with a triple sum of 16 integrals. The real part of Eq. ͑16͒ gives the triple sum of just the first integral.
If there is no absorption by the object, the extinction caused by the object is due entirely to scattering. If the object is in a perfectly reflecting wave guide or a wave guide with small absorption loss, the total scattered power is the extinction. In that case, the complicated expression with triple sum of 16 integrals discussed above reduces to the simple expression of a double sum and no integral of Eq. ͑13͒. In a lossy wave guide, if we measure the extinction around a small control surface enclosing the object, the absorption loss inside the control volume is small and the above holds as well. Therefore, the extinction formula eliminates the need to integrate the scattered energy flux about the object in a wave guide when determining the scattered power.
IV. COMBINED AND MODAL EXTINCTION CROSS SECTIONS
The ratio T between the rate of dissipation of energy and the rate at which energy is incident on unit cross sectional area of an obstacle is called the extinction cross sec-tion of the obstacle. 1 In the wave guide, the intensity of the incident field on the object at the origin from a source at r 0 is
͑17͒
In our derivation, the screen is positioned normal to the x axis and it measures the extinction of the energy flux propagating in the x direction. We therefore normalize this extinction by the component of the incident intensity in the x direction to obtain the extinction cross section T of the object in the wave guide,
is due to the combined extinction of all the modes of the wave guide by the object and we define it to be the combined extinction cross section. This combined cross section of an object depends on the properties of the object which are convolved with the properties of the wave guide, as well as the source and object locations. For a source that excites only a single mode p, the incident intensity on the object in the x direction is
Dividing the extinction of mode p by the object in Eq. ͑14͒ with the intensity of the incident field composed solely of mode p in Eq. ͑19͒, we obtain the cross section of the object for the extinction of mode p,
We define Eq. ͑20͒ as the modal cross section of the object for the extinction of the individual modes of the wave guide. Analogous to plane waves in free space, the modes in a wave guide are the entity that propagate in the wave guide and determine the energy of the acoustic field in the wave guide. It therefore becomes meaningful to quantify the extinction caused by an object of the individual modes of the wave guide and subsequently the cross section of the object as perceived by the individual modes of the wave guide.
V. ESTIMATION OF OBJECT SIZE FROM EXTINCTION THEOREM IN AN OCEAN WAVE GUIDE
The extinction formula can be used to estimate the size of an object by measuring the extinction it causes in an incident beam. For instance, in astronomy, the size of a meteorite is estimated from the extinction it causes in the light reaching a telescope when the meteorite is in interstellar space between a star and the telescope, so long as the telescope is large enough to measure the entire shadow remnant. 4 For an object that is large compared to the wavelength, its extinction cross section in free space, according to Babinet's principle, is equal to twice its geometrical projected area. 4 If we let T p be the projected area of the object in the direction of an incident plane wave in free space, we obtain
͑21͒
The size of the object is therefore directly related to the free space forward scatter function of the object for objects that are large compared to the wavelength. The forward scatter function can be determined from a measurement of the extinction caused by the object.
Extinction measurements usually involve integrating the intensity of the incident and total fields over a sufficiently large screen that registers the full extinction caused by the object. We measure the incident power on the screen in the absence of the object and the total power in the presence of the object. The difference between these two energy fluxes on the screen is the extinction.
An intensity measurement at a single point in space in the forward scatter direction is typically inadequate. This can be seen from Eq. ͑C3͒ for free space, and Eq. ͑6͒ in the wave guide, where the interference intensity V i *⌽ s at a point depends very sensitively on the source and receiver positions which cause rapid fluctuation in the phase term. To determine the forward scatter function from a single receiver in the forward direction then requires extremely accurate knowledge of the source, object and receiver locations. In practical measurements, it may also be difficult to precisely locate the point sensor in the forward direction. This is especially true for large objects as they have very narrow forward scatter function peaks. Equation ͑C14͒ for the extinction in free space on the other hand has no phase dependence involving the source or screen position. Extinction measurement over a screen is therefore a more robust method for estimating the forward scatter amplitude and hence the size of an object. For measurements in a shallow water wave guide, the screen over which the intensity is integrated can be either a sufficiently large planar array, or a billboard array whose spacing between the sensor elements satisfies the Nyquist criterion for sampling the field in space.
In a wave guide, the extinction caused by an object, Eq. ͑13͒, depends not only upon the properties of the object through the scatter function, but also the properties of the wave guide and the measurement geometry. They are, in general, convolved in the expression for the extinction and are separable only when the incident field is composed of a single mode as evident in Eq. ͑14͒. This suggests a possible scenario for extinction measurements in a wave guide to extract the scatter function's forward amplitude and subsequently to estimate the size of an object.
For large source to object separation x 0 , the mode that survives in the incident field is mode 1. Mode 1 of any wave guide propagates almost horizontally and we can approximate its elevation angle as ␣ 1 Ϸ/2. In this case, the four scatter function amplitudes in Eq. ͑14͒ can be approximated as S(/2,0,/2,0) and factored out of the equation for the extinction. Using the fact that for mode 1, R͕ 1 ͖ӷI͕ 1 ͖ we rewrite the extinction for mode 1 as
In a Pekeris wave guide, 14, 15 with
using Eq. ͑5͒, we see that
The extinction formula for mode 1 therefore leads to
for the modal cross section of the object for mode 1 in the Pekeris wave guide, simplifies to
Since mode 1 propagates close to the horizontal, R͕ 1 ͖ Ϸk. The cross section of an object for the extinction of mode 1 in a Pekeris wave guide, Eq. ͑26͒, is almost identical to the cross section of the object for the extinction of plane waves in free space, Eq. ͑C16͒. In Eqs. ͑25͒ and ͑26͒ the properties of the target are separated from the wave guide and geometric parameters. If we can measure the extinction of mode 1 caused by the object in the wave guide, we can estimate the free space forward scatter amplitude of the object and subsequently, the size of the object. A knowledge of the wave guide properties, and location of source, object and screen is necessary to correct for the spreading and absorption loss in the wave guide, as well as the amplitude of mode 1 at the source and object depths. Experimentally, we can estimate the source to object range x 0 from the arrival of the back scattered field from the object using a sensor that is co-located with the source.
As discussed in Eq. ͑21͒, the object size is related to the forward scatter function amplitude. The extinction of the higher order modes of the wave guide, apart from mode 1, depend on the scatter function amplitude in other directions in addition to the forward. It is therefore much more difficult to extract information about the size of the object from modes higher than mode 1 unless the object is compact as will be discussed in Sec. ͑VI E͒. For objects that are buried in sediments that are faster than water, mode 1 excited by a source in the water column does not penetrate into the bottom due to total internal reflection. The above method will therefore not be useful in estimating the size of objects buried in fast bottoms.
VI. ILLUSTRATIVE EXAMPLES
In all the illustrative examples, a water column of 100 m depth is used to simulate a typical continental shelf environment. The sound speed structure of the water column is isovelocity with constant sound speed of 1500 m/s, density of 1 g/cm 3 and attenuation of 6.0ϫ10 Ϫ5 dB/. The seabed is either perfectly reflecting or comprised of sand or silt half spaces. The density, sound speed and attenuation are taken to be 1.9 g/cm 3 , 1700 m/s, and 0.8 dB/ for sand, 1.4 g/cm 3 , 1520 m/s, and 0.3 dB/ for silt. Calculations are made of the combined and modal extinction, incident intensity on the ob-ject, and, the combined and modal cross sections in various wave guides for different objects as a function of source, object and screen locations. The object size and frequency is also varied. Except for Sec. VI E, the frequency used in all other examples is 300 Hz.
A. Combined extinction cross section in different wave guides
First, we examine how the combined extinction of all the modes, caused by a pressure-release sphere of radius 10 m, in a Pekeris wave guide with either sand or silt bottom half space varies as a function of source to object range at a source frequency of 300 Hz. The source and sphere centers are located at Dϭ50 m in the middle of the water column. The combined extinction measured by the screen Eq. ͑13͒, the incident intensity on per unit area of the sphere Eq. ͑17͒, and the combined cross section of the sphere Eq. ͑18͒ in the wave guides are plotted as a function of source to object separation x 0 in Figs. 2͑a͒-͑c͒, respectively. At each x 0 , the separation of the screen from the object is the same as that of the source from the object, i.e., xϭx 0 The combined extinction is calculated using Eq. ͑13͒ with the scatter function for the sphere given by Eqs. ͑8͒ and ͑9͒ of Ref. 13 with f (n) replaced by (Ϫ1) n f (n) to convert from Ingenito's definition to the standard one described in Ref. 12 .
The combined extinction and incident intensity fluctuate with range due to the coherent interference between the modes. The resulting combined cross section of the sphere also fluctuates with range. The incident intensity and extinction are larger in the wave guide with sand bottom. The fluctuations in the fields are also greater in the sand bottom wave guide as compared to the silt bottom wave guide. The difference arise primarily because the number of trapped modes is larger for the sand half space due to the higher critical angle of 28.1°for the water to sand interface as compared with the 9.3°of water to silt leading to larger fields and fluctuations in the wave guide with sand bottom. For a screen placed at a fixed range from the object, it is the coherent extinction and cross section that we measure experimentally. From Fig. 2͑c͒ , we see that the coherent combined cross section of the object varies rapidly with range in the wave guide. Consequently, it is difficult to extract information about the size of the object from a measurement of its combined extinction of all the wave guide modes.
We find it useful to approximate the combined extinction measured by the screen and the incident intensity on the sphere as a single incoherent sum over the modes which provides an average trend to the curves as a function of range. Taking the ratio of the incoherent combined extinction and incident intensity, we obtain the incoherent combined cross section. The combined extinction, incident intensity and combined cross section of the sphere calculated incoherently, using Eqs ͑13͒, ͑17͒, and ͑18͒, respectively, by replacing the double sum with a single sum over the modes are plotted in Figs. 2͑a͒-͑c͒. From the incoherent plots, we see that the extinction and the incident intensity decay with range due to geometrical spreading and absorption loss in a real wave guide.
In a perfectly reflecting wave guide, there is no absorption in the wave guide. Consequently, an incoherent approximation for T is independent of range as can be seen from Eq. ͑18͒. The decay in the extinction due to spreading loss is compensated by spreading loss in the flux incident on the object which keeps the cross section a constant. In this case, the extinction measured by the screen is due entirely to the
FIG. 2. ͑a͒ The combined extinction
Eq. ͑13͒ of all the modes, caused by a pressure release sphere of radius 10 m centered at 50 m depth, in a Pekeris wave guide composed of 100 m water with either sand or silt half space is plotted as a function of x 0 , its range from a point source of frequency 300 Hz also placed at the same depth in the wave guide. The separation of the screen from the object is the same as that of the source from the object at each source to object range, xϭx 0 . ͑b͒ The incident intensity on the sphere Eq. ͑17͒. ͑c͒ The combined cross section of the sphere Eq. ͑18͒. Both the coherent and incoherent approximation of the quantities are plotted in each subfigure.
object. Figure 3 shows T , calculated incoherently, plotted for a pressure-release sphere of radius 10 m in a perfectly reflecting wave guide as a function of x 0 . In this figure x ϭx 0 . The incoherent combined cross section of the object in free space with no absorption and in the Pekeris wave guide examples considered so far are also plotted for comparison. Figure 3 shows that this incoherent combined cross section for the extinction of all the wave guide modes differs significantly from the free space cross section of the object. So, it is difficult to obtain an estimate of the size of an object from an incoherent as well as a coherent measurement of its combined cross section.
B. Modal cross section in different wave guides
In this section, we will investigate how the modal extinction cross section of the 10 m pressure release sphere varies for the individual modes in various wave guides at 300 Hz. Figures 4͑a͒ and ͑b͒ show the amplitudes of the modes at the source depth of 50 m in the Pekeris wave guide with sand and silt bottom, respectively. Only the propagating modes are plotted because these are the modes that compose the incident field on the object in the far field. These are the mode amplitudes at the object depth because the target is also at 50 m depth. The amplitude of the modes in the perfectly reflecting wave guide are plotted in Fig. 4͑c͒ . Only the even number modes are excited by the source at 50 m depth and they have the same amplitude.
The extinction of each individual mode in the Pekeris wave guide with sand bottom caused by the sphere and calculated using Eq. ͑14͒ are plotted in Figs. 5͑a͒ and ͑b͒ at the source to object range of 1 km and 25 km, respectively. The screen is placed the same distance away from the object as the source in each case. The modal extinctions in the Pekeris wave guide with silt bottom at 1 km and 25 km are plotted in Figs. 5͑c͒ and ͑d͒, respectively. Comparing Fig. 5 with Fig.  4 , we see a dependence of the extinction of each mode on its amplitude at the object depth, with the more energetic modes being extinguished the most. The extinction of the modes vary with range due to spreading and absorption loss suffered by the modes. Absorption loss suffered by each mode as a result of absorption in a real wave guide is more severe for the high order modes due to their steeper elevation angles. The higher order modes are gradually stripped with increasing range and at sufficiently long ranges, the extinction caused by the object is very much limited to the extinc-FIG. 3. Incoherent combined cross section of a 10 m radius pressure release sphere at 300 Hz source frequency in a Pekeris wave guide with sand bottom half space, Pekeris wave guide with silt bottom half space, perfectly reflecting wave guide, and free space as a function of source to object range x 0 . For this plot, xϭx 0 . In the wave guides, the source and sphere center are located at 50 m water depth. The incoherent combined cross section is calculated using Eq. ͑18͒ by replacing the double sum over the modes with a single sum. tion of the first few propagating modes. For the perfectly reflecting wave guide in Figs. 5͑e͒ and ͑f͒ at 1 km and 25 km, respectively, there is no absorption loss, so the extinction for each mode decays only with source to object range x 0 . There is no mode stripping effect in a perfectly reflecting wave guide and the relative magnitude of the extinction across the modes remains the same, independent of range.
Figures 6͑a͒-͑c͒ show the modal cross sections of the sphere, calculated using Eq. ͑20͒, for the extinction of the individual modes in the Pekeris sand, silt and perfectly reflecting wave guides, respectively. We set xϭ0 in Eq. ͑20͒ to obtain the modal cross section of the object corrected for absorption in the wave guide. In each of the wave guides illustrated in Fig. 6 we see that the modal cross section of the sphere for the extinction of mode 1 is very close to its cross section for the extinction of a plane wave in free space. For the higher order modes, the modal cross section of the object can be much larger or smaller than its free space value depending on the wave guide. We can calculate the forward scatter function amplitude of the object from a measurement of the extinction of mode 1 as discussed in Sec. V which allows us to estimate the size of the object.
C. Dependence of modal cross section on object depth
The modal cross section of an object depends on the depth of the object in the wave guide. We investigate how the modal cross section of the 10 m pressure release sphere varies when we lower its depth by half a wavelength distance to 52.5 m in the Pekeris silt, sand, and perfectly reflecting wave guides. We also lower the source depth to 52.5 m so that all the modes in the perfectly reflecting wave guide are excited by the source. The source frequency is 300 Hz. Figure 7 shows the incoherent combined cross section of the sphere in the three wave guides. In the perfectly reflecting wave guide, the incoherent combined cross section of the sphere is now larger than its free space value. Figs. 9͑a͒-͑c͒ show the modal cross sections, Eq. ͑20͒. In the perfectly reflecting wave guide Fig. 9͑c͒ , all modes that exist in the wave guide are scattered by the object to form the scattered field when it is at the shallower depth of 52.5 m, unlike in the previous example of Fig. 6 where it was at 50 m depth and only the excited odd number modes were scattered by the object. Comparing Fig. 9 with Fig. 6 , we see that the modal cross section of most of the modes vary with object depth. For mode 1, however, in all the three wave guides, the modal cross section of the object remains close to its free space value.
D. Modal cross section for various object types
The cross section of the 10 m pressure release sphere is compared to that of a rigid or hard disk of radius 10 m in the wave guide. In free space, with the plane of the disk aligned normal to the direction of propagation of the incident waves, it is well known that its plane wave extinction cross section is equal to twice its projected area, which is 628.3 m 2 in this example. The cross section of a sphere in free space depends on the circumference of the sphere relative to the wavelength of the incident waves, i.e., kaϭ2a/ where a is the radius of the sphere. The dependence of the extinction cross section of a pressure release or hard sphere on ka, in free space is plotted in Ref. 16 . For a large pressure release sphere, high ka, the extinction cross section is roughly twice the projected area which is the same for both the sphere and the disk. For a compact pressure release sphere, small ka, the cross section of the sphere begins to exceed twice its projected area. For the present example, at 300 Hz source frequency, kaϭ12.6 and the extinction cross section of the sphere in free space is 736.7 m 2 . The incoherent combined cross section of the 10 m hard disk in the three different wave guides is plotted in Fig. 10 . In free space, the cross section of the sphere at 300 Hz is only a little larger than that of the disk of the same radius. Comparing Figs. 3 and 10 , we see that in the perfectly reflecting wave guide, the incoherent combined cross section of the sphere is much larger than that of the disk. The elevation angle of each mode of the wave guide increases with the mode number. Since the disk is aligned with it's plane parallel to the y -z plane, the projected area of the disk perceived by each mode decreases as the elevation angle of the mode increases. For the sphere, however, each mode sees the same projected area, regardless of the elevation angle of the mode. Therefore the combined extinction of the modes by the sphere is much larger than by the disk. In the real wave guide, absorption by the wave guide alters the amplitude of each mode with the higher order modes FIG. 6 . Modal cross section Eq. ͑20͒ at 300 Hz of the 10 m radius pressure release sphere at 50 m water depth for the extinction of the individual modes in a ͑a͒ Pekeris sand half space wave guide, ͑b͒ Pekeris silt half space wave guide, and ͑c͒ perfectly reflecting wave guide. We set xϭ0 in Eq. ͑20͒ to remove the effect of absorption by the wave guide. The modal cross section of the sphere for mode 1 in each wave guide is almost equal to its free space cross section.
FIG. 7.
Incoherent combined cross section of a 10 m radius pressure release sphere at 300 Hz source frequency in a Pekeris wave guide with sand bottom half space, Pekeris wave guide with silt bottom half space, perfectly reflecting wave guide, and free space as a function of source to object range x 0 . For this plot, xϭx 0 . In the wave guides, the source and sphere center are located at 52.5 m water depth. The incoherent combined cross section is calculated using Eq. ͑18͒ by replacing the double sum over the modes with a single sum.
suffering greater absorption losses than the lower order modes. The higher order modes are less important in determining the combined extinction in the real wave guide. Consequently, in a real wave guide, the incoherent combined cross section of the sphere is only slightly larger than that of the disk.
The modal cross section Eq. ͑20͒ of the disk for each mode of the Pekeris sand, silt, and the perfectly reflecting wave guide is plotted in Figs. 11͑a͒-͑c͒, respectively. From Fig. 11 , we see once again that the modal cross section of the object for the extinction of mode 1 is almost equal to its free space cross section. In the present example, the cross section of the disk is equal to twice its projected area. This example further illustrates that we can obtain a measure of the size of an object from the extinction of mode 1 in a wave guide. FIG. 8 . Modal amplitude at the object depth of 52.5 m in ͑a͒ Pekeris wave guide with sand half space, ͑b͒ Pekeris wave guide with silt half space, and ͑c͒ perfectly reflecting wave guide for a frequency of 300 Hz.
FIG. 9. Modal cross section Eq. ͑20͒
at 300 Hz of the 10 m radius pressure release sphere at 52.5 m water depth for the extinction of the individual modes in a ͑a͒ Pekeris sand half space wave guide, ͑b͒ Pekeris silt half space wave guide, and ͑c͒ perfectly reflecting wave guide. We set xϭ0 in Eq. ͑20͒ to remove the effect of absorption by the wave guide. The modal cross section of the sphere for mode 1 in each wave guide is almost equal to its free space cross section.
E. Dependence of modal cross section on object size and frequency
Here we investigate how the modal cross section Eq. ͑20͒ of a pressure release sphere at 50 m water depth compares with its free space cross section when we vary the size of the sphere and the frequency of the incoming waves. Figures 12͑a͒-͑d͒ show the result in a Pekeris sand wave guide, plotted as a function of ka. The corresponding result in the Pekeris silt and perfectly reflecting wave guides are plotted in Figs. 13 and 14 , respectively.
For a large sphere with the high ka of 62.8, we see from Figs. 12-14͑d͒ that the modal cross section of the sphere for the high order modes fluctuates and departs drastically from the free space cross section for most of the modes. The Figs. 12-14͑a͒ , the modal cross section of most of the modes are fairly close to the free space cross section of the object.
Figures 15͑a͒-͑d͒ show the scatter function amplitude plotted as a function of elevation angle of the modes at various ka. Compact objects scatter like point targets and they have an omnidirectional scatter function S 0 . In Eq. ͑20͒, we see that the modal cross section depends on not only the forward scatter amplitude, but also the scatter function amplitude in nonforward directions. For a compact object, since the scatter function amplitude is a constant, independent of azimuth or elevation angles, we can factor it out in Eq. ͑20͒. Furthermore, in a perfectly reflecting wave guide, since 14, 15 
N p can be factored out of the equation as well. Consequently, for a compact object in the perfectly reflecting wave guide, Eq. ͑20͒ for the modal cross section reduces to
which resembles the expression for the free space cross section of the object in Eq. ͑C16͒. The modal cross section of the compact object in the wave guide will, however, be slightly larger than the free space cross section because of the dependence on the horizontal wave number of the mode p in the denominator of Eq. ͑28͒ instead of k as in Eq. ͑C16͒ for free space. The real part of the horizontal wave number decreases as the mode number increases. We see a gradual FIG. 10 . Incoherent combined cross section of a hard disk of radius 10 m at 300 Hz source frequency in a Pekeris wave guide with sand bottom half space, Pekeris wave guide with silt bottom half space, perfectly reflecting wave guide, and free space as a function of source to object range x 0 . For this plot, xϭx 0 . In the wave guides, the source and disk center are located at 50 m water depth with the disk aligned in the y -z plane. The incoherent combined cross section is calculated using Eq. ͑18͒ by replacing the double sum over the modes with a single sum.
FIG. 11. Modal cross section Eq. ͑20͒
at 300 Hz of the 10 m radius hard disk at 50 m water depth for the extinction of the individual modes in a ͑a͒ Pekeris sand half space wave guide, ͑b͒ Pekeris silt half space wave guide, and ͑c͒ perfectly reflecting wave guide. We set xϭ0 in Eq. ͑20͒ to remove the effect of absorption by the wave guide. The modal cross section of the disk for mode 1 in each wave guide is almost equal to its free space cross section.
increase in the modal cross section in Fig. 14͑a͒ with increase in mode number for the compact sphere in the perfectly reflecting wave guide.
In a real wave guide, N p is usually complex. For the lower order modes, N p has a large imaginary component and we can still factor it out as we did for the perfectly reflecting wave guide. We also observe a trend of increase in modal cross section with mode number for the compact sphere in the examples of Figs. 12-13͑a͒. This implies that for a compact object in a wave guide, as well as mode 1, we can also use the higher order modes to extract its omnidirectional scatter function amplitude from modal extinction measurements. Once the scatter function amplitude of a compact object is known, its size can be estimated.
VII. SUMMARY AND DISCUSSION
A generalized extinction theorem for the rate at which energy is extinguished from the incident wave of a far field FIG. 12 . Modal cross section Eq. ͑20͒ of a pressure release sphere at 50 m water depth for the extinction of the individual modes in a Pekeris sand half space wave guide with ͑a͒ sphere radius 0.1 m, 300 Hz source frequency, kaϭ0.1, ͑b͒ sphere radius 1 m, 300 Hz source frequency, ka ϭ1.3, ͑c͒ sphere radius 10 m, 300 Hz source frequency, kaϭ12.6, and ͑d͒ sphere radius 10 m, 1500 Hz source frequency, kaϭ62.8. We set xϭ0 in Eq. ͑20͒ to remove the effect of absorption by the wave guide. Only the propagating modes are illustrated in each plot. The modal cross section of the sphere for mode 1 in each case is almost equal to its free space cross section.
FIG. 13. Modal cross section Eq. ͑20͒ of a pressure release sphere at 50 m water depth for the extinction of the individual modes in a Pekeris silt half space wave guide with ͑a͒ sphere radius 0.1 m, 300 Hz source frequency, kaϭ0.1, ͑b͒ sphere radius 1 m, 300 Hz source frequency, kaϭ1.3, ͑c͒ sphere radius 10 m, 300 Hz source frequency, kaϭ12.6, and ͑d͒ sphere radius 10 m, 1500 Hz source frequency, kaϭ62.8. We set xϭ0 in Eq. ͑20͒ to remove the effect of absorption by the wave guide. Only the propagating modes are illustrated in each plot. The modal cross section of the sphere for mode 1 in each case is almost equal to its free space cross section. point source by an object of arbitrary size and shape in a stratified medium has been developed from wave theory. In a wave guide, both the incident and scattered fields are composed of a superposition of plane waves or equivalently a superposition of modes. The total extinction is shown to be a linear sum of the extinction of each wave guide mode. Each modal extinction involves a sum over all incident modes scattered into the given mode and is expressed in terms of the objects's plane wave scatter function in the forward azimuth and equivalent modal plane wave amplitudes. In general, our results show that when we have multiple plane waves incident on an object, whether in a wave guide or in free space, extinction will be a function of not only the forward scatter amplitude for each incident plane wave but also the scatter function amplitudes coupling each incident plane wave to all other plane waves with distinct directions that comprise the incident field.
Our derivation greatly facilitates scattering calculations by eliminating the need to integrate energy flux about the object. The only assumptions are that multiple scattering between the object and wave guide boundaries is negligible, and the object lies within a constant sound speed layer. Two extinction cross sections are defined for an object submerged in a wave guide. The first is the combined cross section which is the ratio of the combined extinction of all the modes of the wave guide to the total incident intensity in the radial direction at the object's centroid. Calculations for a shallow water wave guide show that both the combined extinction and the combined cross section of an object are highly dependent on measurement geometry, medium stratification, as well as the scattering properties of the object. They also fluctuate with range due to the coherent interference between the modes. Both are significantly modified by the presence of absorption in the medium. The presence of absorption typically means that the extinction and corresponding cross section of the obstacle in an ocean wave guide will be smaller than it's value in free space. The practical implications of these findings is that experimental measurements of the total scattering cross section of an obstacle in a wave guide may differ greatly from those obtained for the same obstacle in free space and may lead to errors in target classification if the wave guide effects are not properly taken into account.
We also define the modal cross section of an object for the extinction of an individual wave guide mode of a wave guide. We show that for an object submerged in a typical ocean wave guide, the modal cross section for the extinction of mode 1 is almost identical to the object's free space cross section, after correcting for absorption loss in the medium. This finding can be used to robustly estimate the size of objects submerged underwater from extinction measurements involving mode 1, which is often the dominant mode after long range propagation in a shallow water wave guide.
APPENDIX A: GENERAL APPROACH FOR CALCULATING EXTINCTION
There are two approaches to calculate the extinction of an incident field due to absorption and scattering by an object. In the first approach, we define a closed control surface C that encloses the object, but excludes the source. We let the origin of the coordinate system be at the object centroid. Let r 0 be the position of the source and r be the position of a point on the control surface.
In the absence of the object, only the incident field ⌽ i exists. The intensity of the incident field at location r on the control surface from a source at r 0 is
where V i (r͉r 0 ) is the velocity vector of the incident field which, from Newton's law, can be expressed as
for a harmonic field at frequency where d(r) is the density at location r. Integrating the incident intensity over the entire control surface C gives the net incident intensity flux F i through the control surface,
͑A3͒
In a lossless media, the incident energy flux entering the control surface has to equal that leaving the surface. Therefore in a lossless media,
In the presence of the object, the total field at location r on the control surface for a source at r 0 is the sum of the incident pressure field from the source and the scattered field from the object,
The intensity of this total field at r on the control surface is
͑A6͒
The total intensity integrated over the entire control surface C is the total energy flux F T through C, or the total intercepted power,
͑A7͒
If the object absorbs some of the power incident on it, the net outward power flow through the control surface is equal in magnitude to the rate at which absorption takes place. Let W a be the rate at which energy is absorbed by the obstacle, then F T ϭϪW a .
Let W s be the total power scattered in all directions by the object,
͑A8͒
By definition, extinction is the sum of the total power absorbed and scattered by the object. Making use of Eqs. ͑A3͒, ͑A4͒, and ͑A8͒ in Eq. ͑A7͒, the extinction E due to the object in a lossless media is
From Eq. ͑A9͒ we see that extinction is a result of the interference between the incident and scattered fields over the control surface. For a plane wave in free space, the active region of the control surface over which the incident and scattered fields have a fixed phase relationship to interfere destructively lies within an angular width ͱ/r of the forward direction, where is the wavelength of the incident wave, and r is the distance of the control surface from the object centroid in the forward direction. 2, 3, 17 This region comprises the shadow remnant. Outside of this region, the integrand in Eq. ͑A9͒ fluctuates too rapidly to contribute to the extinction.
Consequently, instead of integrating the interference flux over the entire control surface, we can replace the enclosed control surface by a screen Sc in the forward direction. From Eq. ͑A7͒, if we integrate the interference flux over the area of the screen, instead of the enclosed control volume, we obtain
The first term on the right-hand side of Eq. ͑A10͒ is the incident flux F i through the screen, which is the flux through the screen in the absence of the object. The second term is F T , the total flux through the screen in the presence of the object. The last term is the scattered flux through the screen. If we place the screen sufficiently far from the object so that V s * and ⌽ s become small relative to V i * and ⌽ i due to spreading loss, the scattered flux becomes negligible. For instance, for plane waves in free space, the spherical spreading of the scattered field causes the scattered field intensity to decrease with range with a 1/r 2 dependence, while the incident intensity remains constant.
At any given range r of the screen from the object, to measure the full extinction caused by the object, the screen has to be much wider than ͱr. For a sufficiently large screen, the extinction E is, from Eq. ͑A10͒,
the difference between the incident flux measured by the screen in the absence of the object and the total flux in the presence of the object. This is the approach due to Van de Hulst for calculating the extinction by placing a sufficiently large screen in the forward direction to register the full extinction.
APPENDIX B: EXTINCTION, ABSORPTION, AND SCATTERING CROSS SECTIONS
The extinction, absorption, and scattering cross sections can be viewed as fictitious areas that intercept a portion of the incident power equal to the extinguished, absorbed or scattered power, respectively. The extinction cross section T , by definition, is the ratio between the rate of dissipation of energy E and the rate at which energy is incident on unit cross-sectional area of the object I i ,
From Eq. ͑A9͒, we can also express the above as
where a and s are the absorption and scattering cross sections, respectively. For a nonabsorbing object, a ϭ0, and the extinction cross section is then equal to the scattering cross section, T ϭ s .
APPENDIX C: EXTINCTION FORMULA FOR SCATTERING IN AN INFINITE LOSSY UNBOUNDED MEDIA
We derive the formula for the extinction of an incident plane wave in the far field of a point source by an object in an infinite unbounded medium with absorption loss. We will derive the expression using both the control surface method and the Hulst screen method discussed in Appendix A and compare the resulting expressions. Let be the coefficient for absorption in the medium. We write the magnitude of the complex wave vector as kϭϩi, where ϭ/c.
The object centroid coincides with the center of the coordinate system and we place the source at r 0 ϭ(0,0,Ϫz 0 ). First we derive the formula using the control surface method, Eq. ͑A9͒. We let the control surface be a spherical surface of radius R centered at the object centroid. At any point r on the control surface, the incident field is given by the free space Green's function,
Since the object is in the far field of the point source, the incident field at the object can be approximated as composing of plane waves with amplitude e ikz 0 /4z 0 . The scattered field from the object at ranges far from the object can be expressed as .
͑C3͒
In the above expression, we explicitly factor out the term representing absorption in the medium to avoid confusion when conjugating the fields and to keep track of absorption losses in the medium. On the control surface, r ϭͱx 2 ϩy 2 ϩz 2 ϭR. We will assume that z 0 ӷR since the object is in the far field of the point source. We use the approximation ͱx 2 ϩy 2 ϩ(zϩz 0 ) 2 Ϸzϩz 0 in the term that determines the phase of the integrand, and the approximation ͱx 2 ϩy 2 ϩ(zϩz 0 ) 2 Ϸz 0 in the spreading loss factor. The resulting expression becomes, Summing Eqs. ͑C6͒ and ͑C7͒, taking only the negative of the real part of the sum, we obtain the extinction caused by an object in an infinite unbounded lossy medium using the control volume method,
Next, we derive the extinction using the Van de Hulst screen method, Eq. ͑A11͒. We start with the expression in Eq. ͑C3͒. We place a square screen of length L a sufficiently large distance from the object in the forward direction, parallel to the xϪy plane a distance z away from the object. As discussed in Appendix A, we require LϾͱz. We integrate Eq. ͑C9͒ using Eq. ͑A11͒ over the area of the screen. With the screen lying normal to the z axis, an area element of the screen is dSϭi z dx dy, 
͑C10͒
As discussed in Appendix A, the angular width of the active area on the screen is of the order of ͱ/z which is small for large z. We therefore approximate the scatter function with its value at ϭϭ0 and factor it out of the integral above.
Integrating the resulting expression using asymptotic integration, we obtain 
͑C12͒
Adding the two expressions and taking only the negative of the real part of the sum, we obtain the extinction caused by an object in an infinite unbounded lossy medium using the screen method, The expression for the extinction using the control volume method Eq. ͑C8͒ and that obtained using Van de Hulst screen method Eq. ͑C13͒ are equal if ϭ0. The second term in both equations arise due to absorption by the medium. The expressions for the absorption loss term differ because we integrate the energy flux over different surfaces. If is small compared to , /Ӷ1, we can ignore the second term in both equations, and letting zϭR, the resulting expressions for the extinction are identical and become 
͑C14͒
This derivation shows that the screen method gives the true extinction only if the absorption loss in the medium is small. From Eq. ͑C14͒, we see that absorption in the medium lowers the extinction that we would otherwise measure in a lossless medium. The 1/z 0 2 factor is due to the spherical spreading of the incident field from the source to the object.
The incident intensity on the object in the z direction for /Ӷ1 is 
͑C15͒
Dividing the extinction in Eq. ͑C14͒ with the incident intensity on the object Eq. ͑C15͒, we obtain the extinction cross section of the object in the infinite unbounded lossy media, T ͑ z ͒ϭ 4 2 I͕S͑0,0;0,0͖͒e Ϫ2z . ͑C16͒
Equation ͑C16͒ shows that a measurement of the cross section of an object in a lossy medium will be smaller than in a lossless medium. To obtain the true cross section of the object, independent of the medium, we have to correct for absorption in the lossy medium.
APPENDIX D: EXTINCTION FORMULA FOR SCATTERING IN A STRATIFIED WAVE GUIDE CALCULATED USING A CONTROL SURFACE THAT ENCLOSES THE OBJECT
Let the control surface be a semi-infinite cylinder of radius R with a cap at the sea surface where zϭϪD, similar to that defined in Sec. III. The axis of the cylinder is parallel to the z axis and passes through the object centroid. The source is located at r 0 ϭ(Ϫx 0 ,0,z 0 ), and we assume that R Ӷx 0 .
As discussed in Sec. III, the sea has a pressure-release surface where both the incident and scattered fields vanish. The contribution of the interference flux through the cap at the sea surface zϭϪD is zero. We need only integrate the interference flux in Eq. ͑A9͒ over the curved surface of the cylinder to obtain the extinction caused by the object.
Using Eqs. ͑1͒, ͑2͒, ͑3͒, and ͑A2͒, the first term in the integrand of Eq. ͑A9͒ on the curved surface of the cylinder, Rϭ(x,y,z) is In the above expression, the terms representing absorption by the wave guide have been factored out explicitly to avoid confusion when conjugating the fields and also to keep track of absorption losses due to the wave guide. Since RӶx 0 , the expansion ͉Ϫ 0 ͉ϭx 0 ϩx was used in the terms that determine the phase of the integrand while the approximation ͉Ϫ 0 ͉ Ϸx 0 was used in the spreading and absorption loss factors. We ignore the absorption loss term e ϪI͕ l ͖R since it is small compared to e ϪI͕ l ͖x 0 . Next we integrate Eq. ͑D1͒ over the curved surface of the cylinder. An area element on the surface of the cylinder is dSϭi R d dz. We use the orthorgonality relation in Eq. ͑4͒ between the modes u l *(z) and u m (z) to integrate Eq. ͑D1͒ over the semi-infinite depth of the cylinder in the wave guide. This reduces the triple sum over the modes to a double sum, The integral involving can be evaluated using the method of stationary phase. There are two stationary phase points corresponding to the forward azimuth ϭ0, and the back azimuth ϭ. Applying the result of the following stationary phase integration over the azimuth angle , expression will be similar to Eq. ͑13͒. The differences in Eqs. ͑13͒ and ͑D6͒ arise because of absorption loss in the medium and also because we integrate the energy fluxes over different surfaces in the two methods.
The Van de Hulst screen method is of more practical use because it represents the type of measurement that can be made with a standard 2D planar or billboard array. A control volume measurement, on the other hand, would be very difficult to implement since it would require an array that completely encloses the object.
